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Abst ract  
We investigate the existence of relative (m, 2, k, 2)-difference sets in a group H x N relative to 
N. One can think of these as 'liftings' or 'extensions' of (m, k, 22)-difference sets. We have to 
distinguish between the difference sets and their complements.. In particular, we prove: 
- -  Difference sets with the parameters of the classical Singer difference sets describing 
PG(d, q) never admit liftings to relative difference sets with n = 2. 
- -  Difference sets of McFarland and Spence type cannot be extended to relative difference 
sets with n = 2 (with possibly a few exceptions). 
- -  Paley difference sets are not liftable. 
- -  Twin prime power difference sets and their complements never lift. 
- -  Menon-Hadamard difference sets cannot be extended to relative difference set with n = 2 
if the order of the difference set is not a solution of a certain PeUian equation. 
Our results give strong evidence for the following conjecture: The only non-trivial difference 
sets which admit extensions to relative difference sets with n = 2 have the parameters of the 
complements of Singer difference sets with even dimension. 
Keywords: Difference set; Relative difference set 
1. Introduction 
We investigate the existence of splitting (m,2,k, 2)-relative difference sets. An 
(m, n, k, 2)-relative difference set R is a k-subset of a group G of order ran. The group 
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G contains a normal subgroup N of order n. Every element in G\N has exactly 
2 representations r - r' with elements r,r' in R and no non-zero element in N has such 
a representation. We say that R is a difference set relative to N and call R splitting if 
G is the direct product of N and a complement of N in G. When n = 1 then R is an 
(m, k, 2)-difference set in the usual sense and we omit writing the parameter n.We refer 
the reader to [6] or the recent survey [14] for background from difference sets. If U is 
a normal subgroup of G contained in N, then the image of R under the canonical 
epimorphism G~ G/U is an (m,n/u,k,2u)-relative difference set where I UI = u. If 
U = N then R projects onto a difference set in the usual sense. Therefore we can think 
of relative difference sets as 'liftings' or 'extensions' ofdifference sets, see [9]. In order 
to determine relative difference sets it is natural to investigate liftings of the known 
series of difference sets where n is a small prime: If the parameter n cannot be p it 
cannot be a number divisible by p provided that N is abelian. Here we restrict 
ourselves to the splitting case and the prime 2 for the following reason: This situation 
has been investigated by several authors (mainly in Waterloo which is the reason why 
the problem is sometimes called the 'Waterloo problem') and because of the connec- 
tion to group invariant balanced weighing matrices. We refer the reader to [2] for 
more information about these connections. Parametrically, the only known splitting 
relative difference sets with n = 2 arise from (m, k, 2)-difference sets with k = m or 
difference sets with parameters 
-1  (q2~+~_ ~ ,q2f, q2 f_q2y- l ) .  
This does not mean that every difference with these parameters has a lifting, see [2]. 
From now on we write the groups multiplicatively. A convenient way to describe 
difference set problems is to use group ring notation. If S ~ G is a subset of G, we 
identify S with the element ~g~sg in KG where K is a field or commutative ring with 
identity. By abuse of notation, this element is again denoted by S. For A := y agg 
in KG we define A ~'~ = gag#'. Then we can rephrase the definition of a relative 
(m, n, k, 2)-difference set R in G (relative to a subgroup N) in the equation 
R 'R  (-1~ = k + 2" (G-  N), 
where k is an abbreviation for k. e~ in KG (e~ is the identity element of G). If D is an 
(m, k, 2)-difference set in G, then 
D.D (-1~ = (k -  2) + 2"G 
and k - 2 is called the order of the difference set. 
We can write a splitting (m,2,k,A/2)-difference s t relative to N= {1,t} in 
G = NxH as a sum R = A + B't ,  A,B c H. Then we get 
R'R  ~-1) = (A 'A  ~- ~) + B 'B  ~-~)) + (A 'B  ~- ~) + B-A  c-~)).t 
= k + 2 - (G-  N). 
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The image of R in H (under the canonical epimorphism) is a difference set D = A + B 
(i.e. A and B describe disjoint subsets) which satisfies 
D'D (-1) = A'A (-1) + B'B  (-1) + A 'B( -1 )  + B 'A  (-1) = (k -  2) + 2"G. 
It follows easily that 
(A - B ) . (A  - B) (-~) = k in 7/H. (1.1) 
Conversely, if (1.1) is satisfied and if A + B is an (m, k, 2)-difference s t D in H, then 
A + B . t  is a relative (m, 2, k, ~./2)-difference set in G = N x H. In particular, the 
2-value of D has to be even and the k-value must be a square (just count the coefficient 
sum on both sides of (1.1)). Moreover, we can determine the sizes of A and B to be 
(k + x/k)/2. Let us summarize this in the following important theorem which does not 
hold for non-splitting liftings (see [2] or Section 2 of this paper). 
Theorem 1.1 (Mullin and Stanton [23]). Let D be a (v, k, 2)-difference set. l f  D admits 
a splitting lifting to a relative difference set with n = 2 then k has to be a square and 
~. must be even. 
In this paper, Theorem 1.1 will be the main tool to exclude the existence of putative 
liftings of difference sets. We will use these (rather) trivial necessary conditions in 
connection with the following two results from number theory. Result 1.3 was pointed 
out to us by J.W.P. Hirschfeld. 
Result 1.2 (Ap6ry [1]). Let p be an odd prime and let b be an integer not divisible by p. 
Then x 2 + b = pn has at most two (non-negative) integer solutions (x, n). 
Result 1.3 (Ljunggren [17]). The only (non-negative) integer solutions of 
X n -  1 
_ y Z ,  n>2,  
x- -1  
are (n,x,y) = (4,7,20) or (5,3, 11). 
IfD is an (m, k, 2)-difference s t in G of order n, then G\D is an (m,m - k,m - 2k + 2)- 
difference set of order n (called the complementary difference set, see [6]). The answer 
to the question whether a difference set admits a lifting with n = 2 is quite different for 
D and its complement. If, for instance, k is a square and 2 is even this need not be true 
for the complement, hence even the trivial necessary conditions might be satisfied just 
for one of the two difference sets D and its complement. 
We note that in Theorem 1.1 it is not necessary to assume that D is an abelian 
difference set, i.e. that D is a subset of an abelian group. In the abelian case there are 
more techniques known in order to get necessary conditions on the existence of 
difference sets: If G is an abelian group of exponent w and if K is a field containing 
a primitive wth root of unity then there are exactly IGI homomorphisms G--, K*. 
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These so-called characters form the character group ch(G) ~ G. Characters can be 
extended by linearity to homomorphisms from KG into K. The importance of 
characters lies in the inversion formula, see [16], for instance. 
Result 1.4 ('Inversion formula'). Let G be an abelian group of exponent w and K afield 
whose characteristic does not divide I G[ (i.e. the group algebra KG is semi-simple). I f
A = ~ agg ~ KG and K contains a primitive wth root of unity, then 
1 E z (A) ' z (g - I ) '  
ag = I G~'x~¢htG) 
where ch(G) denotes the character group of G. 
This formula shows that the character values completely determine a group algebra 
element A and that there is an easy formula to recover A from its character values. 
Several results are needed in this article whose proof relies on characters and algebraic 
number theory. The idea is to consider the expression x(R)" z(R t- 1~) as an expression 
for ideals in an appropriate ring of algebraic integers. The first of these results is due to 
Ma [18]. 
Result 1.5. Let G be an abelian group and A an element in 7IG. I f  N is some subgroup of 
G and z(A) = 0(moda) for all characters non-principal on N (where a is an integer 
relatively prime to I GD, then we can write 
A=a.X+N'Y  
with X, Y e 2~G. 
The next result is contained in the fundamental paper of Turyn [28]. We say that 
a prime p is self-conjugate modulo w ifp I --- - 1 mod w' for some non-negative integer 
f where w = pew' and p does not divide w'. 
Result 1.6. Let ~ be an element in 7/[(w] with absolute value m 2, where (w is a primitive 
wth root of unity in C. I f  p is self-conjugate for each prime divisor of m then m divides 7 
in Z[(w]. 
The main tools to exclude the existence of (relative) difference sets are the 'Mann 
test' and multiplier theorems. A multiplier of a relative difference set R in G is an 
integer t such that t and [GI are relatively prime and R t° = R 'g  for some g E G. More 
generally, a group ring element R in 7/G has multiplier t if R ~') = R'g.  The following 
multiplier theorem is implicitly contained in [19], a proof can be found in [2]. 
Result 1.7 ('Multiplier theorem'). Let R be an arbitrary group ring element in ZG that 
satisfies R. R t- ~) = p" where p is a prime with (p, I GI) = 1 and G is an abelian group. 
Then Rtp) = R .g for some g ~ G. 
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The next result hat we will use in this paper is the so-called 'Mann test'. We do not 
state this test in its most general version. 
Result 1.8 ('Mann test' [4]). Let R be an abelian relative (m,n,k,2)-difference s t in 
G relative to N and let U be a subgroup of G of index u ~ 1 which does not contain N. 
Let p be a prime dividing k but not u and assume that pf = - l(modu*) for some 
non-negative integer f where u* is the exponent of G/U. Then the following holds: 
(a) p does not divide the square-free part of k, say p2j is the exact divisor of k; 
(b) pJ <~ mn/u (where p2j is the exact power of p that divides k). 
The following sections of this paper are organized as follows. We study liftings of 
trivial difference sets (Section 2) and difference sets with the parameters of the 
point-hyperplane d sign of PG(d, q) (Section 3). In Sections 4 and 5 we study possible 
liftings of Menon-Hadamard difference sets and the difference sets of McFarland and 
Spence type. The non-existence of liftings of the 'twin prime power' difference sets 
will be proved in Section 6. We finish the paper with the investigation of Paley 
difference sets. 
2. Trivial difference sets 
We begin our investigation of possible liftings with trivial (m,m,m)- and 
(m + 1 ,m,m-  1)-difference sets. Although the difference sets are quite trivial the 
lifting problem is not at all! Moreover, the lifting problem for the splitting and 
non-splitting case is different even in the case of trivial difference sets. 
Proposition 2.1 (Jungnickel [12]). I f  D is a difference set with parameter 
(4u2,2u 2 - u, u 2 - u) in a group H then 
g = ({0} ×D) w ({1} xH\D)  (2.1) 
is a relative (4u2,2,4u2,2uE)-difference set in H xN relative to N. If, vice versa, 
a splitting relative difference set R with parameters (n, 2, n, n/2) in H x N relative to 
N exists then n has to be 4u 2 and R or its complement can be constructed as in (2.1). 
One can construct non-splitting relative (8u 2, 2,8u2,4u2)-difference sets, see [3]. 
Splitting examples with these parameters cannot exist since the k-value is not a square. 
Note that a Hadamard matrix H of size m is a + 1 matrix which satisfies 
H. H t = m" I (where I is the identity matrix). A Hadamard matrix can have constant 
row sum only if m = 4U 2, see  I-6]. The Hadamard matrix H corresponds to the group 
ring element A - B in the remarks preceding Theorem 1.1. It is still open to classify or 
just to determine the sizes of group invariant Hadamard matrices or, equivalently, 
Menon-Hadamard difference sets, see Section 4. Therefore, the lifting problem for the 
trivial (m, m, m, 1)-difference sets is equivalent to an apparently difficult open problem. 
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Proposition 2.2 (Jungnickel [13]). Abelian splitting (m + 1,2,m,(m - 1)/2)-relative 
diference sets do not exist (thus the trivial abelian (m + 1, m, m - l)-diference sets are 
not lifttable). 
Interestingly enough, if we do not require ‘splitting’, in the cyclic case relative 
(m + 1,2, m, (m - 1)/2)-difference s ts exist for odd prime powers m. They correspond 
to negacyclic conference matrices (see [7]) and can be obtained via projections 
starting with Qine difirence sets, see [2]. 
3. The case PG(d, q) 
Difference sets with 
/q 
d+l -1 qd- 
parameters 
1 qd-’ - l\ 
\ q-l ‘q-l’ q-l / 
can be constructed from a cyclic collineation group of the projective geometry 
PG(d, q) acting sharply transitively on the points and hyperplanes of PG(d, q). These 
difference sets are called Singer difSerence sets. Further difference sets with the Singer 
parameters exist which yield designs that are not isomorphic with PGd_,(d,q), 
see [S]. 
Theorem 3.1. Let D be an abelian diference set with parameters 
4 
d+l _ 1 qd _ 1 qd-’ _ 1 
9-l ‘q-l’ q-l > 
, d>22. 
Then D can never be lifted to a splitting relative diflerence set R with parameters 
4 d+l -1 
,2 ’ 
qd-1 qd-l-1 
9-l q - 1 ’ 2(q - 1) . 
Proof. Assume that such a lifting in G relative to N exists. By Theorem 1.1, 
(qd - l)/(q - 1) must be a square, say t 2. From Result 1.3 we can conclude that if 
d > 2 then (d,q, t) = (4,7,20) or (5,3,11). The former case has an odd A-value, so 
D cannot be lifted. (The same argument rules out all difference sets with d = 2 since 
they have 1 = 1.) In the latter case the parameters of R are (364,2,121,20). Using our 
multiplier theorem 1.7 we see that 11 has to be a multiplier of R. But 11 is never 
a multiplier of the underlying (364,121,40)-difference s t D. To see this project the 
difference set D in G onto b in G/U z Z13. The multiplier 11 has order 12 in Z13, 
hence 
6=a+ f b.g’ ((g)=Z,,). 
j=l 
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Using/5' /3 t-l~ = n + ~'1U1"2~13 it is easy to compute a = 1 and b = 10. Hence the 
image/)  of D in G/V ~ 7/26 ~ Z13 x 7/2 can be written in the form 
12 
/ )=  1 + ~ (c+d. t ) .g J  
j= l  
where t denotes the involution in G/V and c+d= 10. Again, we use 
D'b ~-1)= n+2"lVl'7/26 and compute the coefficient of the identity which is 
12(c 2 + d 2) + 1 = 641. This is impossible since c and d are integers. [] 
The case of the complements of the classical Singer difference sets (or difference sets 
with those parameters) is more interesting and involved: The trivial necessary condi- 
tions are satisfied whenever d is even. Moreover, if q is odd there exist non-splitting 
relative difference sets which are liftings of the complements of the classical Singer 
difference sets. We have investigated this class of difference sets in [2]. For the sake of 
completeness we recall the result. 
Result 3.2. The complement of the classical Singer difference set corresponding to the 
point-hyperplane d sign of PG(d, q) admits a splitting with n = 2 if and only if d is even. 
The non-existence part of this result holds for any abelian difference set with the 
parameters of the complementary Singer difference sets. On the existence side, there 
are other difference sets with these parameters which admit liftings with n = 2. 
4. Menon-Hadamard difference sets 
Menon-Hadamard difference sets have parameters 
(4u 2, 2u 2 _ u, u 2 ___ u). 
Abelian Menon-Hadamard difference sets are known to exist whenever u = 2a3bw 2, 
where w is a product of primes congruent o 3 modulo 4. The case w 4:1 is due 
to Xia [29], for the case w = 1 see [14], for instance. Xia constructed the first 
Menon-Hadamard difference sets where u is divisible by primes different from 2 or 3. 
He constructs Menon-Hadamard difference sets with u = 3 b" w 2 using 'binary supple- 
mentary quadruples' in the terminology of Jedwab [11]. Then a construction in [11] 
shows that we can multiply 3 b. w z by any power of 2 to obtain a u-value for which 
a Menon-Hadamard ifference set exists. Recently, Smith [24] constructed many 
non-abelian Menon-Hadamard difference sets including difference sets with para- 
meters (100,45,20), more precisely, he constructs non-abelian Menon-Hadamard 
difference sets with u = 2 a. 3 b- 5 c, a, b >~ 0, c ~< a + 1, u 4:2 a' 3" 5 a ÷ 1. On the other 
hand, it is known that no abelian group of order 100 contains a difference set, see [21]. 
What can we say about possible liftings of these difference sets? Unfortunately, we do 
not get a satisfying answer. 
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Proposition 4.1. I f  an abelian splitting relative difference set with parameters 
(4u2,2,2u 2__+ u, (u 2 _+ u)/2) exists then u is a square, say u = x 2, such that 2x 2 ___ 1 is 
a square, too. 
Proof. Since k = 2u 2 + U is a square, both u and 2u __+ 1 must be squares. [] 
This proposition shows that x (the square root of u) is the solution of a Pellian 
equation 
W 2-  2X2= __+ 1. (4.1) 
We refer the reader to [10] for a description of the solutions to (4.1). However, it is 
difficult to decide which of these solutions gives a parameter u such that 
a Menon-Hadamard difference set of order u 2 exists. The only feasible parameter sets 
known to us are 
(26,22.32,20) and (21°.34,24.32.172,24.3~.5.29). (4.2) 
(If w = 1 one can easily show that these are the only parameter sets which survive 
the condition in Theorem 1.1.) We do not believe that any of these difference sets is 
liftable to a splitting relative difference set with n = 2. Unfortunately, we can prove 
this only for difference sets with parameters (4.2). Hence let R be an abelian relative 
(64, 2, 36, 10)-difference set in G = H x N relative to N. Then the image of R in GIN 
under the canonical epimorphism is a Menon-Hadamard ifference set with 
parameters (64,36,20). It is known that an abelian group H of order 64 admits 
a Menon-Hadamard ifference set if and only if it has exponent ~< 16, see for 
instance [14]. 
Proposition 4.2. Abelian splitting relative difference sets in G relative to N with 
parameters (64, 2, 36, 10) do not exist. 
Proof. Let R be the relative (64,2,36,10)-difference s t in G, i.e. R'Rt - I )=  
36 + 10. G - 10. N. Let U be a subgroup of order 4 in G such that U ~ N = {ec} and 
exp(G/U) ~< 4. Note that it is always possible to choose such a subgroup U in view of 
the above-mentioned xponent bound. Let an overbar denote the canonical epimor- 
phism from G onto G/U. Then 
/~./~(-1) = 36 + 40 .G-  10-AT. 
Note that Z(/~) = 0(mod 3) for all characters non-principal on .~ (Result 1.6) Hence it 
follows from Result 1.5 that/~ = 3" X + N. Y for some X, Y e 7/G. Furthermore, the 
coefficients of/~ are bounded by 4. We may assume that X and Y have non-negative 
coefficients. Let R denote the image of /~ in GIN. The coefficients of /~ are again 
bounded by 4. Therefore we can write 
/~ = 3. A + AT.(B + 2. C), (4.3) 
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where A, B and C are disjoint subsets of (~. We can even say that A, B and C come from 
distinct cosets of ~7 since otherwise at least one coefficient in /~ would be greater 
than 4. 
Counting coefficients of elements in (4.3), we get 
3'IAI + 2"IBI + 4.[C[ = 36, 
9"IAI + 2"IBI + 8"ICI = 66 (coefficient of 1), 
2-IB[ + 8'1C[ = 30 (coefficient of the involution t ~ ~7), 
which implies [AI = 4, [BI = 9 and I CI = 3/2, a contradiction. [] 
5. The McFarland and S~nce Series 
McFarland difference sets [20] have parameters 
(qd+l Fq d+' - I  . 1], I --d+'-- [ qd - l~  qd'L q----l l],qd" {5.1) 
where q is a prime power. If these admit liftings to splitting relative difference sets with 
n = 2, then k must be a square, consequently qd and (qd÷l _ l ) / (q -  1) must be 
squares. Applying Result 1.3 and using the requirement that 2 must be even, we find 
that the only feasible parameter set is 
(35 .2.61,34. 112,34-23-5). (5.2) 
We can prove that a difference set with parameters (5.2) cannot be lifted to a relative 
difference set if it is constructed as in [20]. But there might be more difference sets with 
the same parameters constructed in a very different way. Therefore the following 
theorem is not quite satisfactory. 
Proposition 5.1. There does not exist a splitting relative difference set with n = 2 which 
lifts a difference set with parameters (5.1) and (q,d) ~ (3,4). An abelian difference set 
with parameters (5.2) does not admit a lifting if it is constructed according to McFarland. 
Proof. In view of the foregoing discussion we need only consider possible liftings of 
(35. 2.61, 34. 112, 34. 23. 5)-difference s ts D of McFarland type. Let R be such a puta- 
tive relative (35. 2.61, 2, 34. 112, 3 4. 22.5)-difference s t in H x N with respect o N. 
Let P be the Sylow 3-subgroup of H and let an overbar denote the canonical 
epimorphism from H onto H/P. According to the construction of McFarland differ- 
ence sets,/3 = 81 .(/~ - g) for some g ~/~. Extend the overbar to an epimorphism 
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H x N ---,/~ x N. Then the coefficients of/~ are at most 81. But 
Z(/~).Z(/~ t- l)) = 34. 112 for X non-principal on N. 
The exponent of H x N is 122 and 35 = - 1 (mod 122), 112 = - 1 (mod 122). Using 
Result 1.6 we obtain 
Z(/~) = 0(mod 99). 
So/~ = 99. X + N.  Yfor some X and Yin ~[ /~ × N]  (see Result 1.5). By the previous 
observation, X = 0 and hence /~ = N. Y which is impossible since /~'/~-1~ is not 
constant on cosets of N. [] 
We note that a more general construction of difference sets with parameters (5.1) is 
de to Dillon [8]. We do not know whether Dillon's difference sets with parameters 
(5.2) are liftable or not. 
While studying the complementary parameters of McFarland (or Dillon) difference 
sets and their possible liftings to relative difference sets with n = 2, we encounter the 
diophantine quation 
qa+l + q _ 1 = y2, 
with the constraints q is a prime power = 1 (mod 4) and d an even positive integer or 
q is a square (or a prime power) and d is odd. We do not know of a single solution of 
this equation. 
Spence [25] has constructed ifference sets in EA(3 a+ l )x  K where K is any group 
of order (3 a+ 1 _ 1)/2. Here EA(3 a+ 1) is the elementary abelian group of order 3 a÷ 1. 
The parameters of these difference sets are 
( 3a+'(3a+ 1 -2  1), 3a(3~+ 1+2 1), 3a(3a +2 1)). (5.3) 
First, we observe that 3a(3 a+l + 1)/2 is never a square (which shows that the Spence 
difference sets do not lift). Assume otherwise 3a(3 a+l + 1)/2 = x 2. Then d must be 
even, say d = 2e and (32e+ 1 + 1)/2 must be a square, say y2. Then 2y 2 = 32e+ 1 + 1 for 
some positive integer e which is impossible (consider the equation modulo 8). 
Let us now consider the complementary parameters 
(3d+ l(3a+1--1) 3d(3a+ l -- 2)'ga(3a+ l -- 3a-- 2)) ' (5.4) 
Let D be an abelian difference set with these parameters in EA(3a+I)×K,  
IKI = (3 a+l - 1)/2. Suppose that D admits a lifting to a relative difference set R with 
n = 2. Then 3a(3 a+l - 2) = z 2 for some integer z. Hence d must be even and 3 a+l - 2 
must be a square, say w 2. Thus w 2 + 2 = 3 a+l which has at most 2 solutions because 
of Result 1.2. These solutions are d = 0 (corresponding to the trivial (3, 1, 0)--difference 
set) and d = 2 which gives a difference set in EA(27) × 7/13 with parameters 
(33. 13, 32. 52 , 32. 24). (5.5) 
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Arguments as in the proof of Proposition 5.1 show that difference sets with para- 
meters (5.5) admit no liftings/fthe difference set is constructed according to Spence. We 
omit the proof here since it is quite standard and similar to Proposit ion 5.1. As in the 
case of McFar land difference sets it seems possible that further difference sets with 
parameters (5.5) do exist. Let us summarize this in the following proposition. 
Proposition 5.2. Non-trivial Spence difference sets and their complements do not lift to 
splitting relative difference sets with n = 2. Difference sets with parameters (5.3) or (5.4) 
(in the latter case with d v a 2) are not liftable. 
6. Twin prime power series 
Difference sets in (GF(q) x GF(q + 2), + ) exist whenever q and q + 2 are both 
prime powers [26]. We refer to these as twin prime power difference sets. The 
parameters are given by 
( q2+2q- -1  q2+2q- -3 )  
q2 q_ 2q, 2 ' 4 " 
Let D be such a difference set. Its complement has k-value (q2 + 2q + 1)/2 = (q + 1)2/2 
which can never be a square and so will not lift to a relative difference set with n = 2. 
Suppose that the difference set D lifts to such a relative difference set. Then 
(qa + 2q - 1)/2 must be a square, say y2,  for some integer y. Thus, 
which says that 
(a 'b 'c )=(  y -1  y+I  q+ 5 ' 2 ' 2 1)  
is a Pythagorean triple with ]a - b[ = 1 and 2c + 1 and 2c - 1 are both prime powers, 
at least one of which (in fact exactly one of which) is a power of 3. For otherwise, 
q = 2(mod 3) which would imply 3]((q + 1)/2) 2 = a 2 + b 2, but ]a - b] = 1, a contra- 
diction. Now we have to invoke the following proposition. 
Proposition 6.1. The triples (0, 1,1) and (3,4,5) are the only Pythagorean triples 
a 2 + b E = c 2 satisfying [a -- bl = 1 and 4C 2 - -  1 = 3kp t with p a prime different from 
3 and k,l >0.  
Proof  (J.F. Dillon). It is well known that all Pythagorean triples (a,b,c) can be 
written in the form 
a = 2.r .s ,  b~-r2 -s  2, c=r  2 + s 2. (6.1) 
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If we define r. and s, via (1 + x/2)" = (rn - Sn) + SnX/2 = U. + Vn,~ we obtain a Py- 
thagorean triple (a . ,b , ,c . )  using (6.1) which satisfies [an - bnl = i. These are all 
Pythagorean triples with la - bJ = 1 since in this case (r - s) + s,/~ must be a unit in 
2~[,/~] and therefore a power of a fundamental unit 1 + x/~. The case n = 0 gives the 
degenerate triple (0, 1, 1). We refer the reader to [10] for background from number 
theory. 
The sequences {rn}, {s.} = {v.} and {u.} = {r~ - Sn} all satisfy the second-order 
recurrence relation associated with the polynomial x z -  2x-  1 whose roots are 
/~ + = 1 + ~ and/~_ = 1 - ,f~, i.e. 
t /n+ 2 -~- 2Un+ 1 q-- t in, 
Vn+ 2 = 2Vn+ l -I- Vn 
(6.2) 
with initial values Uo = 1, Vo = 0 and ux = vl = 1. We let p, denote 4c 2 - 1, the 
quantity of interest. There are many interesting relationships among these numbers, 
we list a few which are useful in what follows: 
Un+ l = Un + 2Vn. 
/3n + 1 = t/n "4- /Jn, 
u2~ = u~ + 2v~, 
(6.3) 
V2n = 2blnVn, 
2uiuj = uj+i + ( -  1)iuj_l ,  0 <~ i<~j. 
For (6.3), note that (1 + x/2) -i = ( - 1)-~(1 - x/-~) i. F rom these basic relations, there 
follows 
C n ~ V2n+l  ~ 
2Cn = U2. + U2n+l, (6.4) 
p .=U4.+2 for a l ln>10.  
Note that {cn } and {p. } satisfy the second-order linear recurrence relations associated 
with 
(x - fl2+ )(x - fl2 ) = x 2_6x+I  
and 
(6.5) 
(x - f l4_ ) (x - f l4_ )=x 2_34x+ 1, (6.6) 
respectively. Exactly one of 2Cn -- 1 and 2c, + 1 is a multiple of 3, we denote this 
multiple of 3 by tn. Since Cn satisfies modulo 3 the recurrence relation c, + 2 = - Cn (see 
(6.5)) for all n t> 0, we have t, = 2c~ + en, where en is periodic of period 4 beginning 
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1, - 1, - 1, 1 .... .  Note that for any n, we have e. + e3n+ 1 = 0. Thus, 
t n + t3n+ I ~--- 2cn + 2C3n+1 
= (t/2n + ~/2n+ 1) -I- (U6n+2 dr- /'/6n+3) 
= (U2n+2 -- U2n+l ) q- (U6n+2 "3 !- t/6n+3 ) (by (6.2)) 
= (U6n+2 -t- U2n÷2 ) q- (t/6n+3 -- U2n+l )
= 2u4.+2u2. + 2u4.+2u2~+l (by (6.3)) 
= 2U4n+2(U2n + U2n+ 1) 
= 4p~cn (by (6.4)). (6.7) 
Since tn divides p., we have t. divides t3,+1 for all n >/0. We will exploit this to show 
that t, is never a power of 3 if n > 1. 
Eq. (6.6) shows that the sequence p. satisfies modulo 9 the linear recurrence relation 
P.+ 2 = - 2p, + 1 - P~ and begins as 3,0, - 3, - 3, 0, 3, 3,0,... Thus {p.} has period 
6 modulo 9 and we see that 9 divides p, if and only if n = 1 (mod 1). It follows that 
t. - 0 (mod 9) if and only if n - 1 (mod 3). 
Suppose that n > 1 is the least index such that t, is a power of 3. Since t, is increasing, 
we have t~ > tl = 9, and therefore t, ---=- 0(mod9) and n = 3m + 1 for some m > 0. 
Now (6.7) implies that t,~ divides t., so t,~ is a power of 3 and by the minimality of n, we 
must have t,. = 3 or tm= 9. Since m > 0 we can only have m = 1, t,. = 9. But 
t 4 = 33. 73 is not a power of 3 and this contradiction completes the proof of our 
proposition. [] 
Now let us return to the discussion of possible liftings of twin prime power 
difference sets. Proposit ion 6.1 shows that (q + 1)/2 = 5, i.e. q = 9 and D must have 
parameters (99, 49, 24), consequently a possible lifting R is a 
(99,2,49, 12)-relative difference set in 7/2 X 7/3 X 7/3 X 7/11. 
We will now show that such a relative difference set cannot exist. We note that 49 is 
a multiplier of R according to the multiplier theorem 1.6. We may assume w.l.o.g, that 
R is fixed by this multiplier (see [9] or [15], for instance), i.e. R t49~ = R. The multiplier 
49 acts as the identity on 7/2 x 2 3 X 7/3 and gives one orbit of size 0 and two of size 5 on 
7/11. There are 18 orbits of size 1 in 7/2 x 7/3 x 7/3 × 7/11 but at most 9 of them can be in 
R since they have to come from different cosets of 2v2. Therefore there are at least 
8 orbits of size 5 in R. The 160 differences that we can form within these orbits account 
for the non-identity elements in 7/11. But each of these 10 elements has only 12 
representations a a difference with elements of R. We summarize our results in the 
following theorem. 
Theorem 6.2. Twin prime power difference sets and their complements cannot be lifted to 
splitting relative difference sets with n = 2. [] 
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7. Paley difference sets 
There are several difference sets which are unions of cyclotomic classes in GF(q),  
see [27]. The most famous series in this connection is the Paley series: Paley difference 
sets D are the squares in GF(v) provided v = 3(mod4),  v a prime power, with 
parameters (v, (v - 1)/2, (v - 3)/4). Assume that D has a lifting with n = 2. The trivial 
conditions in Theorem 1.1 show that (v -3 ) /4  is even, hence v- - -3(mod8) ,  and 
(v - 1)/2 is a square, say m 2. Using this we can prove Theorem 7.1. 
Theorem 7.1. Abelian relative difference sets with parameters (p: ,2,(p y -  1)/2, 
(p: - 3)/8) do not exist if p is a prime. 
Proof. Let G be an abelian group of order p/ that  contains a difference set of Paley 
type. In view of the foregoing remarks, p: = 3 (mod 8) (i.e. f is odd) and p: = 2m 2 + 1 
for some odd integer m. Quadrat ic reciprocity yields that a prime divisor q of m is 
a square modulo p if and only if q = 1 (mod 4): 
(~)=(~) ' (~)=( - - l ) (P -1 ) (q -1 ) /4=( - -1 ) (q - l ) /2 .  
Now we claim that 3 divides m or m - 3 (mod 4): Assume that 3 does not divide m, 
otherwise there is nothing to prove. Then 2m 2 + 1 = 0(mod 3), hence 2m 2 + 1 is 
a power of 3. But in this case we have an integer solution of (3: - 1)/(3 - 1) = m 2. 
Result 1.3 shows that this is only possible if m = 11 and 11 --- 3 (mod 4). 
Our  claim implies that at least one prime divisor q = 3 (mod 4) of m exists and this 
prime q is not a quadratic residue modulo p. Therefore the order ofq  modulo p is even 
and qJ = - 1 (mod p) for a suitable integer j. Let us assume that a relative difference 
set with parameters as stated in the theorem does exist. Then there is a group ring 
element C = A - B in the group ring ZG satisfying C" C ~- 1) = m 2, see the remarks 
preceding Theorem 1.I. We have z(C)" z(C ~- 1)) = 0(mod q2) for all characters X of G. 
Since qJ = - 1 (mod p) Result 1.6 shows that z(C) = 0(mod q) for all characters. It 
follows from the inversion formula (Result 1.4) that C = q. X for some X • ZG. This 
contradicts the definition of C as an element with coefficients 0 and __+ I. [] 
It seems to be a quite difficult question to decide whether the complements of the 
Paley difference sets are liftable or not. Using multipliers it is possible to show that the 
complement of the Paley difference set with parameters (3i, 16, 8) that passes the test 
of Theorem 1.1 has no lifting to a relative (31,2, 16,4)-difference set. This result is 
already contained in [15] and we see no chance to extend this argument for proof  of 
a general theorem. Note that the complement of the classical Singer difference set with 
parameters (3 i, 16, 8) admits a lifting to a relative difference set. 
Let us now describe a possible way to prove that the complements of the Paley 
difference sets admit no liftings to relative difference sets with n = 2. Let R = A + B- i 
be an arbitrary (m, 2, k, 2)-relative difference set in G = H x {1, i} relative to {I, i} with 
K.T. Arasu et al,/Discrete Mathematics 147 (1995) 1 17 15 
rn odd and D = A + B denotes the underlying difference set. Consider the matrix 
T=(B  B) inGF(2) ,2m.2r% 
where A and B are group matrices developed modulo H: The rows and columns 
are indexed by the elements of H and the (0,h)-entry of A (resp. B) is 1 if 9" h- 1 ~ A 
(resp. B) and it is 0 otherwise. By abuse of notation, we identify group ring elements 
A in KG with the corresponding matrices over K developed modulo the group G (this 
identification is actually an isomorphism between the group ring and the ring of group 
invariant matrices): The (9, h)-entry of the matrix A is the coefficient of 9' h- 1 of the 
group ring element A. Let Z denote a character from H into an extension field L of 
GF(2) which contains an ruth root of unity. It is well known that the vectors 
e x = (~((g-l))0~ u are eigenvectors of group invariant matrices M with eigenvalue 
x(M) (where M is considered as an element in GF(2)H). We express the matrix 
T relative to the basis consisting of the vectors 
(0  z) and ( : : )  
and obtain the matrix 
T_ (D '  O)  
B' D' 
(which is similar to T) with D' = diag( .... )~(D) .... ), B' = diag( .... x(B) .... ). Note that 
the characteristic of L is 2! The matrix T' shows that the GF(2) rank of Tis twice the 
number of characters )~ with )~(D) ¢ 0 plus the number of characters )~ with )~(B) ¢ 0 
and z(D) --- 0. The number of characters with z(D) ¢ 0 is the dimension of the ideal 
generated by D in GF(2)H. If D is the complement of a Paley difference set with 
parameters 
( q+l  q+l )  (7.1) 
q' 2 ' 4 ' 
then this dimension is (q - 1)/2, see [22]. The group ring element R which describes 
a 'lifting' of a difference set with parameters (7.1) satisfies 
R. R ~- ~ = q +____~1 (G - N) in GF(2)G, 
8 
equivalently, in matrix language, 
8 I 2 ' 
where J is the all-one-matrix and I the identity matrix (of size q x q). Now we have to 
distinguish the cases q - -7  and q = 15mod16 (note that q has to be congruent 
7 modulo 8 since (q + 1)/4 has to be even in case that a lifting exists). Let us assume in 
the following that R is the lifting of the complement of a Paley difference set. 
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Case (a): q = 15 mod 16. In this case, T" T t = 0 and therefore the GF(2)-rank of 
Tis at most q. It has to be at least 2"(q - 1)/2 in view of the foregoing discussion. The 
rank cannot be q: The vector (1, ..., 1; 0 . . . . .  0) (q coefficients 1, q coefficients 0) is in the 
null space of T (note that lAP and IBI are even) but not orthogonal onto itself. 
However, if the rank of T would be q the row space generated by T would be self-dual 
with respect to the standard inner product. This gives the following condition on 
A and B: If x(B) ~ 0 then x(D) 4: 0. 
Case (b): q = 7 mod 16. Now we have 
(considered modulo 2). The GF(2)-rank of T. Z t is q - 1. The null space U of T. T t 
(which has dimension q + 1) is the set of vectors (ul v) t (where u and v are vectors of 
length q) satisfying u = v or u = j + v (j = (1 .. . . .  1)). In order to determine the null 
space of T we have to determine those vectors (u r v) t of U with T. (u I v) t = 0. Let us 
begin with vectors (ulu). We have 
T. (u I u) t = 0 if and only if D. u t = 0, 
where D = A + B. The GF(2)-rank of D is the dimension of the ideal generated by the 
difference set D (complement of the Paley difference set), hence the vector space 
consisting of vectors u t with D. u t = 0 has dimension (q + 1)/2). 
Now we consider 
U t 
This vector is the 0-vector if and only if (D. u t) + j '  = 0, equivalently D" u t = j t  (note 
that A and B are matrices with a constant odd rowsum).  This is impossible since any 
vector of type D 'u  t is orthogonal to  j r ,  but j t  is not orthogonal onto itself. This 
argument shows that the GF(2)-rank of T is 2q -  (q + 1)/2 = (3q-  1)/2. Since 
(3q - 1)/2 = 2.(q - 1)/2 + (q + 1)/2 we get z(B) ~ 0 if z(D) = 0. Let us summarize 
this in the following theorem. 
Theorem 7.2. Let D be the complement of the set of squares in GF(q), q = 7mod 8. I f  
D admits a liftin9 to a relative difference set D = A + B. i with n = 2, then 
z (B)~:0  ~ ~(D) :~0 / fq=15mod16 
and 
;~(O)=0 =:, z(B) 4:0 / fq=7mod16.  
Besides the Paley difference sets there are some more difference sets which are 
unions of cyclotomic lasses of GF(v). It is known that v must be a prime in all these 
cases. Therefore it is impossible to use the Mann test since no appropriate subgroups 
for projection arguments do exist. The only technique that might work are multiplier 
arguments. A lot of multipliers are known for cyclotomic difference sets but it is not at 
all clear whether they lift to a putative relative difference set. 
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Note  added in proof. Us ing  Results 1.4 and 1.6 together  with 3 s = - 1 (mod 122) 
one can show that in P ropos i t ion  5.1 /5 has to be 81(H-  g) and therefore the 
propos i t ion  is true for all abel ian difference sets. A similar a rgument  does not  work  in 
P ropos i t ion  5.2. For  recent results on McFar land  difference sets, we refer to S.L. Ma  
and B. Schmidt,  The structure of the abelian groups containing McFarland difference 
sets, J, Combin .  Theory  Ser. A, to appear.  
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